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Abstract
A square lattice model which exhibits a nonzero quantized Hall conductance in a zero net mag-
netic field at certain values of the parameters is presented. The quantization is due to the existence
of a topological winding number that characterizes the quantum Hall phases and is expected to
survive the effects of weak disorder.
PACS numbers:
1
Tight binding models of electrons in a two dimensional periodic lattice in a uniform
magnetic field have complex and interesting properties [1, 2, 3, 4]. The spectrum in general
splits into q bands when a magnetic field with a commensurate flux φ = p
q
φ0 per plaquette is
applied, and the Hall conductance of the system is given by a sum of the Chern numbers over
the magnetic Brillouin zone of the filled bands [5]. The energy spectrum for a commensurate
flux has energy gaps which exhibit a heirarchical Hofstadter butterfly structure as q is
increased, and for a sequence of rational p/q which approaches an irrational number, the
spectrum becomes a Cantor set [2], and self similarity is observed in the band structure [6].
The integer quantum Hall transition has been studied on models with nearest and next
nearest neighbour hopping terms on the square lattice [7, 8]. Here we study a tight binding
model on a square lattice with nearest neighbour (NN) and next nearest neighbour (NNN)
hopping terms in a zero net magnetic field. We show that it has phases with quantized Hall
conductances. The phases are topologically protected against weak disorder, and transitions
occur as parameters corresponding to the hopping strength and mangetic field are varied.
The model also has bulk chiral fermions at certain special points in the parameter space.
Haldane had earlier proposed a similar model on the honeycomb lattice [9] to demonstrate
that a quantum Hall effect (which is usually associated with a strong magnetic field and
degenerate Landau levels) can take place in a zero net magnetic field. The nearest-neighbour
tight binding model on a honeycomb lattice has two bands and the fermi surface consists of
a pair of points. Haldane showed that a periodic local magnetic field with C3 symmetry and
zero net magnetic flux per unit cell along with an inversion symmetry breaking term can lead
to a quantized Hall response for a range of strengths of the NNN hopping term. In contrast,
the NN model on the square lattice has a single band spectrum. It has, however, been known
from early attempts to simulate lattice fermions [10] that an isotropic NN hopping model
on the square lattice with pi flux per plaquette has a pair of zeroes in its spectrum. Such a
model for spinless fermions does not violate time reversal symmetry and, as a consequence
of fermion doubling [11], cannot support chiral fermions. Using topological arguments, Wen
and Zee [12] extended the Nielsen Ninomiya theorem [11] for these models by showing that,
for a magnetic field φ = p
q
φ0 per plaquette with q even, the electron hopping Hamiltonian
has at least q families of Dirac fermions in the continuum limit. The pi flux per plaquette
corresponds to q = 2. These models for small q correspond to extremely high magnetic fields
that makes their experimental realization extremely difficult.
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While the study of the quantum Hall phases of a model with zero net magnetic flux in a
square lattice is mathematically interesting, it is probably even more difficult to observe in
an experiment. However, such a model easily generalizes to a model with spin orbit inter-
actions where the quantum spin Hall and unconventional integer quantum Hall effect could
potentially be observed. The possibility of a quantum spin Hall effect has been suggested in
graphene [13, 14] while the “unconventional integer quantum Hall effect” has been observed
in experiment [15, 16].
A square lattice can be thought of as consisting of two interpenetrating square sublattices,
which we label A and B. Consider a tight binding model with one orbital per site on this
lattice with a nearest neighbour hopping matrix element t and a next nearest neighbour
hopping matrix element t2, where t and t2 are both real and positive (Fig.1). A staggered
sublattice potential +M for the sites in A and −M for those in B reduces the translation
symmetry group of this model to that of either sublattice. The point group of the model is
C4v. Now consider the insertion of a local magnetic field B(r)zˆ perpendicular to the plane of
the lattice with a net flux of zero through a unit cell of either sublattice and the translational
symmetry of the sublattices. The effect of the insertion of the magnetic field is to multiply
the hopping matrix elements t by phase factors ei(e/~)
∫
A.dr where the integral is taken along
the hopping paths which are taken to be rectilinear [9]. There are five independent phase
factors in our problem.
We work in the gauge where the only nonzero phase for hopping elements from A to B
are in the ± xˆ directions and are both equal to Φ
2
. The phases for hopping elements from
the A to A and the B to B sites in the xˆ+yˆ√
2
and xˆ−yˆ√
2
directions, are labeled θA+, θ
A
− and θ
B
+ , θ
B
−
respectively. We restrict ourselves to studying the model, when these phases are chosen such
that θA+ = θ
B
− = γ2, θ
A
− = θ
B
+ = γ1.
The Hamiltonian which acts on the momentum space spinors (ψA(k), ψB(k)) can then be
written as
H = 2t2 cos(kya)(cos(kxa+
γ1 + γ2
2
) cos(
γ1 − γ2
2
)I +
2t(cos(kya) + 2 cos(kxa) cos(
Φ
2
))σ1 − 2t sin(
Φ
2
) cos(kxa))σ2
+(M + 2t2 sin(kya)(cos(kxa+
γ1 + γ2
2
) sin(
γ1 − γ2
2
)))σ3 (1)
where a is the length of the side of a square plaquette.
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FIG. 1: The square lattice model showing nearest(solid lines) and next nearest neighbour hopping
terms(dashed lines). The points belonging to the two sublattices A and B are marked by x’s and
o’s. The arrows indicate the directions along which the signs accompanying the phases mentioned
in the text are taken to be positive.
To study the quantum Hall transition in this model, we fix the phases γ1 = 0, γ2 = pi. This
ensures that the bands do not overlap. Then, the T = 0 Hall conductance of this model can
be calculated using the standard Kubo formalism, and is given by the formula as σxy = −N
e2
h
where N is a topological winding number which characterizes the global curvature of the
momentum space berry phase [17, 18]. This topological constant characterizing a two band
system manifests itself in a number of problems [19, 20, 21, 22]. It determines, for instance,
the nature of the statistics of solitons in a p wave superfluid [20]. For the values of the
parameters that we have chosen, we obtain
σxy =
e2
h
sgn (sin(
Φ
2
))
{
1 if |M | < t2
0 if |M | > t2
(2)
The band structure at a representative point is shown in Fig.2. At the points M = ±t2,Φ =
pi, the low energy spectrum of this system simulates relativistic chiral fermions [9]. The
topological quantization ensures that the Hall conductance is insensitive to weak disorder.
Another region in parameter space where the integer quantum Hall transitions are ob-
servable, is when M = 0 and when | t2
t
| < |1
2
sin(Φ
2
) sin(γ1−γ2
2
)|. The latter condition ensures
that the bands never overlap in this case. Then using the Kubo formalism, we obtain
σxy =
e2
h
sgn (sin(
Φ
2
))sgn (cos(γ1)− cos(γ2)) (3)
Here one has to vary the hopping strength t2 as one varies the phase to see the quantum
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FIG. 2: Band structure at the point t2/t = 0.3,m/t = 0.1,Φ = pi/2, γ1 = 0, γ2 = pi
Hall transition.
In the above discussion, we have examined the quantization of the Hall conductance to
non-zero values in some low dimensional manifolds in parameter space. At other points in
the parameter space, there are topologically distinct phases characterized by the values of
the topological constant N that distinguishes them. Due to band overlap, these phases do
not necessarily have a quantized Hall response. However, for minimal band overlaps, the
Hall conductance is expected to remain close to its quantized value as long as the bands
do not collapse. The points at which the bands touch generically have linear low energy
dispersions, although the coefficients for px and py need not have the same magnitude. Hence
these fermions will be Dirac-like fermions, rather than Dirac fermions. External electric fields
in the system will induce charge polarization along the edges in an orthogonal direction.
In Haldane’s model the integer quantum Hall effect is possible with magnetic field config-
urations that have the symmetry group C3. These cause degeneracies at equivalent points
on the Brillouin zone. A C3v symmetry is only possible at the zone corners when Haldane’s
parameters, M and t2 sin(φ), are both zero, and such a symmetry causes fermion doubling,
while the C3 symmetry does not. In our model, a nonzero Φ reduces the C4v symmetry of
the original lattice to C2v. This C2v symmetry, however, still restricts the values of the other
phases θA±, θ
B
± to values at which the integer quantum Hall effect is not possible.
Our model can be extended to one which exhibits the unconventional integer quantum
Hall effect and the quantum spin Hall effect with spin orbit interactions simulating magnetic
fields which are opposite in direction for the two spins [23].
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